We study by means of Monte-Carlo numerical simulations the resistance of two-dimensional random percolating networks of stick, widthless nanowires. We use the multi-nodal representation (MNR) 1 to model a nanowire network as a graph. We derive numerically from this model the expression of the total resistance as a function of all meaningful parameters, geometrical and physical, over a wide range of variation for each. We justify our choice of non-dimensional variables applying Buckingham π−theorem. The effective resistance of 2D random percolating networks of nanowires is found to write as R eq (ρ, Rc, Rm,w) = A N,
L l * Rm,w where N , L l * are the geometrical parameters (number of wires, aspect ratio of electrode separation over wire length) and ρ, Rc, Rm,w are the physical parameters (nanowire linear resistance per unit length, nanowire/nanowire contact resistance, metallic electrode/nanowire contact resistance). The dependence of the resistance on the geometry of the network, one the one hand, and on the physical parameters (values of the resistances), on the other hand, is thus clearly separated thanks to this expression, much simpler than the previously reported analytical expressions.
I. INTRODUCTION
The study of random percolating networks of conducting nanowires has become in the last years a hot topic of investigation. Numerous applications are possible thanks to the outstanding electrical and optical performances of such thin films, combined to their low cost and ease of fabrication. Applications are as diverse as thin film transistors based on carbon nanotubes networks (CNNs) 2, 3 , CNNs-based field-effect transistors 4 , transparent conductive (high transmittance, low resistance) thin-film electrodes based on silver nanowires 1, 5 or carbon nanotubes (CNTs) 6 -useful for instance in the context of solar cells, the conducting nanowire network acting as a charge carrier collector 7 -and sensors 4 . The conductivity, as well as the sheet transmittance of such thin film nanowire networks has been extensively studied experimentally and theoretically 6, 8, 9 . These systems are well approximated by random 2D networks, and we study in this paper the dependence of their effective resistance on all structural and physical parameters. We focus on the functional dependence of the resistance on physical parameters, motivated by sensor applications of nanowire networks. In this context, physical parameters, such as nanowire linear resistance, or nanowire/nanowire contact resistance, can vary, due to environment changes. The geometry and structure of the network is thus not sufficient to understand properly the resistance variations.
Many parameters impact the total effective resistance of nanowire random networks. Structural parameters such as the density (or coverage), the aspect ratio of electrode separation to wire length, and the alignment of the wires (i.e. the statistical distribution of their angles with respect to a fixed direction) are, among others, known to play on the transport properties of the networks, as confirmed experimentally and numerically in 10 . Simoneau and al. studied numerically the influence on the estimated effective resistance of the statistical distribution chosen for angles, lengths, diameters of nanowires (in that case CNTs) 11 , waviness, degree of penetration of CNTs 12 , under the junction dominated assumption (JDA) -i.e. assuming ballistic transport in individual CNTs. The mean tube length, the porosity (or equivalently, the volume fraction of CNTs) and the dimension of the network (distance between the electrodes) are also crucial geometrical parameters well studied in the literature. For instance, Lyons and al. 13 used an empirical relation relating the mean tube length and the porosity of the network to the total number of junctions, which is shown to mainly drive the film conductivity. The aspect ratio of the rods themselves (i.e. length over diameter), when they are not modeled as widthless sticks, is also a possible varying parameter, whose influence on the total resistance has been studied by Mutiso and al.
14 .
Concerning physical parameters, the influence of junction resistance (nanowire/nanowire contact resistance, denoted as R c in the following) on the overall resistance was reported qualitatively, from experimental measurements 6 , while a linear relationship between the conductivity and the number of junctions was established in 13 for CNTs networks. Several studies addressed the question of the influence of a change of this contact resistance between two nanowires on the overall resistance. Nimalraj and al. measured the distribution of junction resistances as a function of the diameter and treatment (acid treatment, annealing, pristine CNTs), and the influence of its variation on the total resistance of the network 8 . Finally, Behnam and al.
15 studied numerically the dependence of the scaling (with respect to the width L of the conducting channel) of the resistance of 2D nanowire networks, on nanotube length, nanotube alignment, and on the ratio of junction to linear resistance (still assuming ballistic transport in CNTs). The linear resistance of nanowires was fixed to the ballistic resistance value, so that its contribution to the whole resistance was not studied in the diffusive regime in Ref. 15 , nor did the authors derive a functional dependence of the effective resistance on all the parameters.
In the articles previously mentioned, the electronic transport in the percolating network is assumed dominated by the junction resistances, and the contribution of linear resistances, i.e. of the wires themselves, are neglected -Junction Dominated Assumption (JDA). Zezelj and al. performed in 2012 a pioneering study of the dependence of conductivity local critical exponents on the junction to linear resistance ratio 16 . da Rocha and al. introduced in 2015 the Multi Nodal Representation (MNR) method 1 , generalizing the JDA -mostly used in the previous studies, e.g in 14 -, to include wire resistances. In MNR, an electrical circuit made up of randomly dispersed nanowires is represented as a graph, with nodes at the crossing points of nanowires and edges (modelling connecting resistors) in-between. It is also the spirit of the method of nodal potentials already used in Ref. 17, 18 , whose idea is to represent each point where the potential is well defined as a node. To account for the resistances across nanowires junctions, each node is then duplicated, yielding two nodes each representing the contact point on one nanowire 1,19 -every node is thus attached to a given nanowire. A new edge with junction conductance is created in-between. A typical example of construction of the graph is shown Figure 1 . da Rocha and al. applied this method to derive the contribution of both junction and linear resistances to the total resistance 1 . This allows to compute the minimal reachable network resistance. Indeed, for silver nanowires networks, the goal is often to decrease as much as possible the contribution of junction resistances. In the limit of zero junction resistances, the effective resistance is given by the contribution of linear resistances only. In 2016, O'Callaghan and al. introduced an equivalence between a random disordered network of nanowires and a regular (square) ordered network, the edges of the associated graph all having the same resistance 5 . They used effective medium theory arguments, introduced by Kirkpatrick 20 , valid over a certain regime (high above percolation) and exact only in the case of an infinite medium. The authors thus derived a closed-form expression for the homogeneous edge resistance of a square lattice equivalent to (i.e. having same total resistance as) the initial disordered network. Incidentally, as they used the MNR method to describe the network, this yielded an expression of the effective resistance as a function of geometrical parameters (number of wires) and physical parameters (with both linear and junction resistances), reported in Table I . The contact resistance between the metallic electrodes and the nanowires was not included in the model. In 2018, Kim and al. used the same MNR method and a block-matrix representation of Kirchhoff's laws to derive the effective conductivity of 2D random percolating networks of widthless rods 19 , with three varying geometrical and structural parameters (aspect ratio L l * , length of the rods l * , density of tubes n). However, as underlined by the authors, the internal resistance r i (linear resistance of the wires), although included in the model, was taken constant over all edges of the underlying graph -while it depends actually on the length of the edge in the diffusive regime. Moreover, the ratio of linear over junction resistance ri rj was fixed for the whole study. Thus, the functional dependence on the physical parameters (linear resistance per unit length of a nanowire, denoted as ρ in the following, junction resistance R c , and metallic electrode/nanowire resistance, denoted as R m,w ) was not investigated. Finally, Forró and al. 9 also recently derived an analytical expression of the sheet resistance of random 2D networks of nanowires, valid at rather high densities (well above the percolation threshold), as a function of both geometrical parameters (wire density, wire length and electrode separation) and physical parameters R c (contact resistance) and R w -wire resistance, equal in our notations to ρl * where l * is the length of a wire -as seen in Eq. (6) of Ref.
9 , reported Table I . The authors assumed that the transport properties of the random network was the same as in an equivalent system of individual decoupled wires, with a linear average potential background. For the first time, average individual contact and linear resistance values R c and R w were extracted by fitting experimental values of resistances of SWCNTs thin films, of varying geometrical parameters, with R c and R w among the fitting parameters. This is worth mentioning as, except thanks to AFM measurements, the individual junction resistances and the average linear resistance cannot be deduced from the measured total resistance of a network. Still, the analytical expression of the total resistance derived by Forro and al. does not allow to separate the contributions of all linear resistances and of all the contact resistances to the total resistance (e.g. as a sum), contrary to the work of da Rocha and al.
1 . Moreover, electrode/nanowire resistance R m,w was not treated as an independent variable in this study 9 , but taken proportional to the nanowire/nanowire contact resistance R c .
Reference Variables considered Formula Method
Validity of the expression and drawbacks
Forró and al. 
Stick conductance
Empirical expression (understanding and validation in terms of critical exponents)
Expression of this form in ρ and Rc on the whole density range (with modified geometrical coefficients to include finite-size effects on some ranges).
TABLE I: Some "closed-form" expressions derived in the literature (either with effective medium approaches, or empirically with numerical validation) for the resistance of 2D random percolating networks. The parameters L, l * , N always refer to the electrode separation, the wire length, and the number of wires in our notation. Devices are assumed of square dimensions L × L. The non-dimensional parameter x is equal to
The main recent results concerning the functional dependence of the effective resistance of 2D random nanowire networks on physical (and geometrical) parameters -i.e. individual resistances of the components -are summarized Table I . We notice that very different expressions of the effective resistance as a function of the physical parameters have been reported, depending on the particular approach used. Moreover, the contact resistance between metallic electrodes and nanowires has never been included in these models.
We propose in this paper a different approach to derive an approximate analytical expression of the effective resistance of a random percolating network of nanowires, neither based on percolation nor on effective medium approaches. We study the dependence on all relevant geometrical and physical parameters, for a given random network generating procedure. We also use the MNR method to describe the percolating network of nanowires, including both linear and contact resistances (ρ and R c ) as in Ref. 1, 5, 19 , and adding the electrode/nanowire contact resistance in the model, for the first time. A closed form expression for the effective resistance, as a function of these physical parameters, is estimated numerically, by means of MonteCarlo simulations and fitting of the obtained data points. The effective resistance is found to write as simply as
, validating numerically (in the particular case of R m,w = 0) the empirical functional dependence on the linear and junction resistances proposed by Zezelj and al. 16 . , following a uniform law in both cases. All the wires are assumed to have the same length l * . All the positions of the contacts between two wires are found analytically (as the wires are assumed widthless) and associated to "internal" nodes of an underlying graph. The contacts which are on top of one of the electrodes are discarded as the current will flow preferentially from the metallic electrode to the nearest contact inside the device. Two examples of generated networks are depicted on Figure 2 , with the detailed contributions of each type of resistance to the effective resistance (see section III). An example of construction of the underlying graph around 4 contacts is illustrated on Figure 1 . The "internal" nodes are first linked by edges of distance dependent resistance (ρd ij where ρ is the wire resistance per unit length and d ij the distance between two contacts indexed i and j). The transport in individual wires is thus considered diffusive. Each of these nodes is then duplicated, and edges associated to contact resistances R c are added between each new pair of duplicated nodes. Finally, two other "external" nodes are added to account for the two electrodes, and linked to nearest contacts along the wires contacting them (with an edge associated to a resistance R m,w + ρd, where R m,w is the contact resistance between the metallic electrode and the wire, d being the shortest distance between the electrode and the first contact along the wire). From the construction of the graph detailed above, P , the total number of nodes, is of order twice the number of contacts between nanowires.
Example of construction of the non-oriented graph modeling the random network of nanowires around four contacts and five wires. Each pair of nodes (separated by an edge associated to a contact resistance Rc) represents a contact, as the pair of nodes labeled k. The edges not associated to a contact resistance correspond to linear resistance of nanowires, their weight depending on the distance between the contacts (ρ is the wire resistance per unit length). The electric potential is thus well defined at each node.
The conductance matrix associated to this underlying graph is built accordingly, and allows to express Kirchhoff's laws, written at all the nodes, in a matrix form. We define the vector I of all the (algebraic) currents leaving the P nodes :
which accounts for the injected current at the lower electrode (labeled by index 1), flowing out at the higher electrode (labeled by index P ). At all the other "internal" nodes, the current entering the node is equal to the current leaving the node. The entries of the vector V are the potentials at all the nodes of the graph (including the two nodes corresponding to the two electrodes) :
I and V are related one to another by the conductance matrix L :
Equation 3 simply corresponds to the Kirchhoff laws written at each node. The (symmetric positive) matrix L in equation 3 is given by : 
where c i,j = c j,i is equal either to
Rc (edge of contact resistance), or 1 ρd1,i+Rm,w (edge between the metallic electrode and an internal node). We choose the same contact resistance to model all the junctions on the network (all the edges associated to contact resistances have thus the same conductance 1 Rc ), while the edges of nanowire linear pathways have a resistance proportional to the distance (contrary to the model of Ref. 19 ), i.e. the transport in nanowires is assumed to be diffusive. It would be also possible to handle probabilistic distributions of contact and linear resistances.
In our model, each node is connected to a contact resistance edge, and one or two wire segments (one only in the case of a dead-end attached wire segment). Dead-end wire segments are not represented in the graph as they do not participate to the conduction. The degree of the nodes of the graph is thus either two or three for all inner nodes. The two nodes representing the two electrodes have a much higher connectivity, corresponding to the number of pathway departures or endings.
Non-dimensionalization of the problem :
We assume that the device is large enough so that the effective resistance has ohmic behavior, i.e. is inversely proportional to the device width. Thus, we can choose a square device area (L = l) without loss of generality. The effective resistance R eq depends thus a priori on six independent physical variables ρ, R c , R m,w , L, l * and N , so that there is a function f satisfying f (R eq , ρ, R c , R m,w , L, l * , N ) = 0. Performing a dimensional analysis and applying Buckingham π theorem leads to five independent non-dimensional variables only, which can be for instance taken as 1 = 400kΩ (with respective contributions of 230kΩ from all linear wire resistances, 164kΩ from all wire/wire contact resistances and 6kΩ from electrode/wire resistances) for the device on the left, and R eq 2 = 487kΩ (with contributions of 232kΩ from all linear wire resistances, 249kΩ from all wire/wire contact resistances and 6kΩ from electrode/wire resistances) for the device on the right, taking a linear wire resistance per unit length ρ = 6kΩ/µm (from Ref. 6 ), a nanowire/nanowire contact resistance Rc = 100kΩ (typical values for CNTs, see Ref.
8 ), and an electrode/nanowire contact resistance Rm,w = 10kΩ.
the complete dependence of the non-dimensional effective resistanceR eq on both physical non-dimensional parameters x = ρl * Rc and y = Rm,w Rc and geometrical parameters as :
In order to obtain explicitly this form, we rewrite a non-dimensionalized version of equation 3 :
where I 0 is a reference current, V 0 a reference potential, and R 0 = V0 I0 a reference resistance. V and Î are the non-dimensionnalized vectors of all node potentials and of all current leaving the nodes. The conductance matrix has coefficients of the following form, only :
where J 1 and J 2 are the set of indexes of nodes linked to the lower and outer electrode respectively. We choose l * , the length of a wire, as a reference distance and R 0 = R c , the contact resistance, as normalizing resistance. R c L can be rewritten as a matrixL with non-dimensional entries :
Let us introduce the non-dimensional parameters x = ρl * Rc and y = Rm,w
Rc . We therefore have rewritten the conductance matrix as :
The ratios d hk l * are geometrical features, and depend on the morphology of the randomly generated network only -they are thus constant for a given fixed network. The ratio x = ρl * Rc of wire linear resistance ρl * to wire/wire contact resistance R c , plays as a parameter in the matrix, and so does the ratio y of the contact resistance between electrode and nanowire to the junction resistance. Their values control the conduction regime, for instance dominated by contact resistance if x 1.
Solving the resistor network problem formulated as Î =L V is elementary for networks of moderate size. Several methods are possible to solve Kirchhoff laws, e.g. thanks to iterative solvers 11, 12, 16 . The details of the calculation methods are reported in Appendix A. The true resistance, expressed as a function of the physical parameters, is therefore :
whereR eq is the non-dimensional effective resistance, in units of R c , computed from the non-dimensional conductance matrixL. Non-dimensionalizing the problem has enabled us to reduce a problem dependent on three physical variables (ρ, R c and R m,w ) to a problem function of two variables (x and y) only. The dependence of the resistance on the random network generating process, on its structure and geometry (number of wires N or normalized density
2 , dimensions L × l of the device area) is implicit through the geometrical (random) factors d hk l * factoring x and y in the matrixL and via the size of the matrix L. This matrix dimension is of order twice the number of contacts. The latter depends directly on the number of wires N and on the aspect ratio L l * (from Ref. 21 , it can be estimated as
In the following, we perform numerical simulations to estimate an analytical expression ofR eq (x, y), focusing on the functional dependence on physical parameters x and y -the associated geometrical factors being the results of fitting and averages.
III. RESULTS
The functional dependence of the effective resistance on the physical parameters (ρ, R c , R m,w , i.e. x and y in terms on non-dimensional parameters) has been first investigated for fixed percolating networks of N nanowires, at a given aspect ratio L l * . Then, for the sake of generality and applicability of the model to real devices -of random, unpredictable geometry -, this functional dependence on the resistance of the individual components of the network (ρ, R c , R m,w ) was generalized for average networks by averaging, at a given aspect ratio L l * , over several realizations of random networks made up of N nanowires.
At fixed random network :
Fixing a percolating network allows one to fix the geometry and to have the physical parameters (resistances) vary, through the variation of x and y, without the variability due to the randomness of the network construction. For a given fixed network, the effective non-dimensional resistanceR eq (x, y) obtained by solving the linear system Î =L(x, y) V is in the most general case a rational fraction of x and y (see Appendix C for the details of the calculations). Here, we show numerically thatR eq (x, y) can be reduced to a very good level of accuracy, for any fixed network of nanowires above percolation, to a simple sum a linear terms in x and y, plus a constant : Ax + Cy + B (over the physically relevant ranges of values of x and y). This formula appears to be a very good approximation at any density above the percolation level.
First, a random network of nanowires is generated and its associated conductance matrix computed. The effective resistance is computed for values of x such that the ratio ρ×(1µm) Rc = 1µm l * x varies over the range 0.01 to 1 (with steps of 0.01) and such that y = Rm,w Rc varies over the range 0.1 to 1 (with steps of 0.1), i.e. for a total of 1000 different values of (x, y). This enables to span all the conduction regimes -from junction resistances dominated to linear resistance dominated, for instance. The function (x, y) →R eq (x, y) is then fitted to the obtained data points by linear regression. The geometrical parameters N, L l * are thus fixed. This procedure can be repeated for different values of N and L l * -fixing a given generated network, for each value of N, L l * . We obtain the following form, from least-squares fitting of (x, y) →R eq (x, y) to the computed data points, at each fixed geometry N,
The result 11 is found to be valid for any network above the percolation threshold (with varying approximation errors on parameters A N, In physical units, from equation 11, the true resistance of a fixed given network is :
This decomposition of the effective resistance into its three different contributions (of different physical origin) is given for the random networks of Figure 2 . The coefficients A N,
L l * are purely geometrical factors. They could be interpreted as the ratio of the mean number of linear portions (or respectively of nanowire/nanowire junctions, or electrode/nanowire contacts) per "typical" percolation pathway, to the number of such typical pathways (in a picture of parallel identical pathways). A very simple interpretation can also be a model with three resistances in series, each one accounting for the contributions of all the resistances of the network of a certain kind (linear, wire/wire junction, or electrode/wire contact), rescaled by a geometrical factor dependent on the number of wires and aspect ratio only. 
Number of nanowires N

Distance to percolation
Averaging over random networks :
Real random percolating networks of nanowires do not have a predictable geometry. Rather, they can be viewed as representatives of the class of all possible random percolating networks of nanowires at a given density (which is known or at least estimated experimentally). The detailed structure (i.e. the positions of all the wires, angles, and positions of the contacts) of a real random network of nanowires -of given densityis difficult to characterize from imaging techniques, specially at very high density, well above the percolation threshold. Capturing the actual precise distribution of wires from an SEM analysis of a real network was nonetheless done in Ref.
1 , for very low density networks of silver nanowires. As the reproducibility of the resistance of a given network increases with its density, for high density networks, a good estimation of the geometrical factors A, B and C governing the effective resistance would be given by the coefficients averages over some realizations of random networks of same density.
For this purpose, we averaged, for each value of the physical variables (x, y), the computed values of resistances for several random networks made up of N nanowires (with L l * fixed). We obtained, after fitting, the same functional dependence (on physical parameters) for the average effective resistance of random percolating networks made up of N nanowires (at a fixed geometry L l * ), this time with average coefficients :
in terms of non-dimensional effective resistance and :
in physical units.
Let Ω N, to R) by its average R eq . The effective resistance of random networks of nanowires, all parameters being fixed, is indeed a well-behaved unimodal random variable, which can be fairly well approximated by its average value and standard deviation. We justified this assumption by calculating probability distributions of the network effective resistance, all parameters (geometrical and physical) being fixed. It yielded a trend depicted on Figure 3 -which had already been reported in the context of small-world resistor networks 23 . Varying the number of nanowires N and the aspect ratio L l * only changes the mean resistance and the standard deviation but does not change the shape of this law. Incidentally, this law gives an indication of the experimental non-reproducibility of the resistance that has to be expected when fabricating random nanowire networks.
The expression :
at R m,w = 0 is reminiscent of the empirical expression of Zezelj and al. 16 successfully introduced to explain the high-density behavior of the local conductivity exponent depending on the junction resistance to wire resistance ratio (no electrode/wire contact resistance was included). The geometrical factors proposed in Ref. 16 . . The values of A, B and C are derived from least-squares fitting of the simulated function (x, y) →R eq (x, y) (average at each value of (x, y) of the random realizations) to a functional form (x, y) → Ax + B + Cy. The grid chosen {(xi, yj)} i,j is the same as for fixed networks (see Table II ). At each value of (x, y), the effective resistance is averaged over at least 5 (and at most 15) random realizations of percolating networks of N tubes (with a target standard deviation of 10 % on the value of the computed resistance, not always reached at small densities). Standard deviations σ A(N ) , σ B(N ) and σ C(N ) are given by the square root of the diagonal terms of the covariance matrix on the parameters estimated by linear regression. Table II (red  points) , as a function of N (L = l = 20, l * = 5, aspect ratio L l * = 4), log-log plot (with standard deviations). The linear least-squares fit is done relatively to the average coefficients (blue points).
Number of nanowires (N)
Distance to percolation
As can be observed comparing Tables II and III, those (Table  II) . In other words, a random network of N nanowires is increasingly representative, when N increases, of the whole class of random networks made up of N nanowires (at given fixed aspect ratio 
IV. APPLICATIONS TO THE UNDERSTANDING AND DESIGN OPTIMIZATION OF NANOWIRE NETWORK THIN FILMS AND SENSORS
The very simple form (14) found for the effective resistance allows to separate clearly the dependence on physical and geometrical parameters. This feature can be of upmost importance for the design or understanding of thin films or sensors based on random percolating networks of nanowires. The origin of the measured resistance, and sensitivity, can be decomposed into three different types of resistances (of different physical origin) and controlled thanks to geometrical and structural features (density of wires and aspect ratio).
For instance, from the results obtained above for the average geometrical coefficients, at aspect ratio 
Thus, the contribution to the whole effective resistance of the contact resistances (numerator in equation 16) decreases in proportion, relatively to the contribution of nanowire linear resistances (denominator in equation 16) , when the density increases, at this fixed aspect ratio. Still, the prefactor Rc ρl * is controlled by the ratio of single contact to single wire resistance, and can take quite high values. From a sensor perspective, this makes a sensor based on 2D random percolating of nanowires increasingly sensitive to variations of linear resistances, compared to variations of contact resistances, when the density increases, at fixed aspect ratio. A similar analysis gives that the contribution to the whole effective resistance of the electrode/wire contact resistances (numerator in equation 17) increases in proportion, relatively to the contribution of nanowire linear resistances (denominator in equation 17), when the density increases :
From a sensor perspective 24 , optimization of device sensitivities to particular types of resistances (e.g. of linear vs. contact origin) can be addressed, tuning either the density of nanowires in the networks, or the size of the device (aspect ratio). Indeed, the geometrical coefficients A N, Given the unveiled additive nature for the effective resistance of random percolating networks of nanowires, another possible application is to estimate the values of unit base (single nanowire, single contact) resistances ρ, R c and R m,w (as done recently by Forró and al. 9 ). Let us indeed consider at least three nanowire networks devices, made up of the same nanowires (whose local intrinsic properties, as linear or contact resistances, are thus the same) but of different densities and (or) aspect ratios. Let us assume that the effective resistances of these devices are simultaneously measured. Geometrical coefficients A N i ,
Li l * are estimated numerically either for the virtual 'twin' networks of the real networks -in the case that the actual precise distribution of wires in the real network can be captured from an SEM analysis, as in Ref.
1 -, or from the average coefficients at the corresponding densities and aspect ratios. From these experimentally measured resistances, and numerically estimated geometrical coefficients, it is possible to recover the values of the elementary contact resistance between two wires, the wire resistance per unit length and the electrode/nanowire contact resistance (three unknowns, and at least three independent equations). The same idea would apply in a sensor perspective when resistance variations (δR eq ) 1 , (δR eq ) 2 and (δR eq ) 3 are measured simultaneously for the same sensitive element deposited between pairs of electrodes, but for (at least) three channel of varying lengths (or varying densities). In that case the elementary variations of the physical parameters, δρ, δR c and δR m,w , that gave rise to the measured macroscopic resistance variation, could be recovered. The elementary resistances, or resistance variations, are derived by inverting a linear system of equations, involving the numerically estimated geometrical coefficients. As the inversion amplifies uncertainties, for the uncertainty on the estimated resistances to be low enough, the geometrical parameters have to be estimated with very high precision -and also the density and mean length of the wires be known with high precision.
V. CONCLUSION
Thanks to Monte-Carlo numerical simulations, we have derived an accurate closed-form approximation of the functional dependence of the effective resistance of two-dimensional random percolating networks of widthless, stick nanowires, on physical parameters (wire resistance, wire/wire contact resistance and metallic electrode/wire contact resistance). The influence of geometrical parameters (number of wires, aspect ratio) has been identified as modulating the contributions of each type of resistance to the whole, effective resistance. The expression found for the effective resistance, much simpler than the expressions previously reported, is found to be applicable on the whole range of densities, in the relevant ranges for physical parameters. The simple additive nature of the effective resistance, with respect to the three main types of resistances (of different origins), opens the way to numerous applications for nanowire networks understanding and device optimization, in particular in the field of sensors.
The influence of other improved (i.e. closer to real networks) modelling choices, such as the dispersion in the length distribution of the generated wires -or also wire waviness, wire width -on the results found here for the effective resistance, have not been discussed. Arguably, only the geometrical coefficients A(N, This robustness on the random generating procedure remains to be checked in future works. The generalization of this framework to the modelling of 3D networks would be very interesting to get closer to real carbon nanotubes percolating networks at moderate to high densities. It would be also captured by a graph with nodes of well-defined potentials, with a possibly increased connectivity of the nodes for cases of two superposed wire/wire contacts in adjacent layers. Finally, studying the precise current distribution in the network, and e.g. the current carrying fraction of the wires, as done for instance in Ref. 16, 25 , as a function of varying physical parameters (i.e. of varying resistance of the individual components of the network) could also prove useful for sensor applications, to localise the most active sensing areas in the network.
as described by Wu in 2004 17 , or alternatively :
where L P I is the Moore-Penrose pseudo-inverse of the conductance matrix L. Indexes 1 and P are respectively associated to the lower and higher electrodes, λ i =λ i (x, y) i are the eigenvalues ofL(x, y) and ψ i (x, y) i are a set of orthonormal associated eigenvectors, andψ i,1 ,ψ i,P their components over the two nodes representing the electrodes.
Here, we have used both this method 17 (for small sizes of the adjacency matrix, up to a few thousand lines) and a direct linear system solver based on Cholevsky decomposition ofL for larger sizes (up to ten thousands lines). We asserted that the two methods yielded the same results within numerical accuracy.
Appendix B : Non-dimensionalization, application of π−theorem
The effective resistance R eq of a nanowire network made up of N nanowires of length l * , in a square device of size L depends a priori on these three structural parameters, on top of the physical unit resistances at play (linear resistance per unit length ρ, wire/wire contact resistance R c , electrode/ nanowire contact resistance R m,w ), so that there exists a function relating implicitly these 7 independent variables : f (R eq , ρ, R c , R m,w , L, l * , N ) = 0 (20) The rank of the 4 × 7 matrix in Table IV being 2, application of Buckingham π-theorem leads to 7 − 2 = 5 non-dimensional variables, so that there exists a functionf such that :
f (x 1 , x 2 , x 3 , x 4 , x 5 ) = 0 (21) where the x i 's are independent combinations of the seven physical parameters of the form x i = (R eq ) The construction of non-dimensional variables can be done from ), and δ kk the matrix with 1 at the (k, k) entry and 0 elsewhere. Given that all coefficients ofL(x, y) are rational functions of x and y from equation 9,V 1 (x, y) andV P (x, y) are rational functions of , x and y, yielding a rational function of x and y when → 0, in particular for the effective resistanceR eq (x, y) = lim →0 V 1 (x, y) −V P (x, y) (taking I = I 0 ). Let us point out that Kagan already noticed that the effective resistance of a resistor network could be derived in a closed-form applying Cramer's formula to the linear system 18 .
